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Abstract
Vertex colorings of graphs and edge colorings of multigraphs are studied such that elements of
each color induce a connected subgraph. The relationship is examined between arising quantita-
tive parameters and other known parameters. ? 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
A coloring of elements of a graph (e.g., of its vertices or edges) is a partition of
the set of these elements to color classes. Some requirements are imposed upon the
structure of color classes. In the most common de5nition, the elements of each color
class cannot be adjacent, but other methods of setting up the problem are possible.
In [3], the list edge colorings of a forest are considered such that all color classes
induce connected subgraphs. Stecenko calls such a coloring connected (private commu-
nication). A connected coloring can be interpreted as a partition to “in:uence areas”.
In Section 1, we study connected vertex colorings; in Section 2, the result of [3] is
generalized to multigraphs.
2. Connected vertex coloring
Let G=(V; E) be a graph (i.e., a nondirected, loopless graph without multiple edges)
with the set of vertices V and the set of edges E [1,6]. Let C be a set whose elements
are called colors. Suppose that a subset A(v)⊆C is associated with each vertex v∈V .
We shall call the set A the vertex list and say that a vertex v is assigned a list A(v).
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If |A(v)|= k (|A(v)|¿k) for each vertex v∈V , we shall say that the cardinality of the
list A is (greater than or) equal to k.
A vertex coloring f of a graph G is a mapping f :V → C such that f(v)∈A(v)
for all v∈V ; we shall say that v is colored with the color f(v) in the coloring f. The
set of all vertices colored with the same color is called a color class.
A coloring is called connected if each color class induces a connected subgraph.
A vertex list A is called chromatic if there exists a connected vertex coloring of the
graph G such that f(v)∈A(v) for all v∈V .
Of course, there exist lists which are not chromatic. For example, we can take a
path of 5 vertices and assign the 5rst, third, and 5fth vertices the list {1; 2} and the
second and fourth vertices the list {3; 4}. This list will not be chromatic.
For a graph G = (V; E), let us denote by 
(G) the least integer 
 such that each
vertex list of cardinality greater than or equal to 
 is chromatic. Clearly, the de5nition
obtained by deleting the words “greater than or” is equivalent.
Theorem 1. Let G=(V; E) be a graph with |V |¿2 and |E|¿1; let G1 be a subgraph
induced by vertices of V\{v} and G2 = (V; E\{e}); where v∈V and e∈E. Then

(G)− 16
(G1)6
(G); (1)

(G)6
(G2)6
(G) + 1: (2)
Proof. Let us prove (1). If 
(G) = 1 then the statement is obvious since G and G1
are complete graphs. Suppose 
(G)¿2.
Let us take a nonchromatic vertex list A of G having cardinality 
(G) − 1 and a
vertex list A1 of G1 having cardinality 
(G). Let us 5x a color from A(v) and delete it
from the list A for all vertices of V\{v}. We obtain a nonchromatic list of G1 having
cardinality 
(G)−2. Thus, 
(G1)¿
(G)−2, and the left part of (1) is proved. Now let
us assign the vertex v to those 
(G) colors which do not occur in A1 for the vertices
of V\{v}. We shall obtain a vertex list of G having cardinality 
(G). It is chromatic,
and we can construct a connected vertex coloring of G. After deleting the vertex v,
we obtain a connected vertex coloring of G1. Hence 
(G1)6
(G).
Let us prove (2). For any list of cardinality 
(G2) the vertices of V can be colored
so as to obtain a connected vertex coloring of G2. But this is also a connected vertex
coloring of G, and hence 
(G2)¿
(G).
Now we prove the right-hand side of (2). Let v1 be a vertex incident with the edge
e in G, and A2 be a list for the vertex set V having cardinality 
(G)+1. We color the
vertex v1 of G2 with a color from the set A2(v1) and remove this color from the lists
for vertices of V\{v1}. Each vertex of V\{v1} is assigned at least 
(G) colors. Due to
(1), we can construct a connected coloring of the subgraph of G induced by V\{v1},
and thus obtain a connected vertex coloring of G. So, 
(G)6
(G2)6
(G) + 1, and
Theorem 1 is proved.
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Let us denote by (G) the independence number of G, i.e., the greatest cardinality
of a set of pairwise nonadjacent vertices.
Theorem 2. For every graph G = (V; E) the inequality 
(G)¿(G) holds.
Proof. If (G) = 1, the inequality is obvious. Let (G) = k¿2, and let M be a set of
k pairwise nonadjacent vertices. Let us construct a vertex list of cardinality k− 1 such
that all vertices of M are assigned the same set of k−1 colors and all the other vertices
are assigned sets of k − 1 colors which do not appear in the lists for the vertices of
M . This list is not chromatic since in a connected coloring of G, all the vertices of
M must be colored with diKerent colors, which is impossible. Hence 
(G)¿k = (G),
and Theorem 2 is proved.
Theorem 3. If G = (V; E) is a bipartite graph; then

(G) = (G): (3)
Proof. The proof is by induction on (G). If (G)=1, then |V |62, and (3) is obvious.
Suppose that (G) = k¿2; let A be a vertex list of cardinality k.
It is known [1,6] that for any bipartite graph G the equality (G) = |V | − (G)
holds, where (G) is the greatest cardinality of a matching. Let P be a matching of
the maximum size in G. Consider the graph H = (V; P). Clearly, (H) = (G) = k.
Besides, due to Theorem 1, we have

(G)6
(H): (4)
Let us show that 
(H)6k. Then it will follow from (4) and Theorem 2 that (G)6

(G)6
(H)6k = (G), which implies (3).
If H has an isolated vertex, then we can remove it to obtain the graph H1 with
(H1)= (H)−1= k−1. By the induction hypothesis, 
(H1)= k−1, and consequently

(H)6k. Now suppose that there are no isolated vertices in H . Since (H) = k, the
graph H contains exactly k edges (x1; y1); (x2; y2); : : : ; (xk ; yk) making up a matching,
and 2k vertices {xi} and {yi}, where i = 1; 2; : : : ; k. If for some j, 16j6k, then
A(xj) ∩ A(yj) 
= ∅, and we color vertices xj and yj with a color c∈A(xj) ∩ A(yj).
Then we consider the subgraph H2 of H induced by vertices of V − {xj; yj}. Since
(H2) = k − 1, it follows by the induction hypothesis that 
(H2) = k − 1. So if we
remove the color c from the lists for vertices of H2, we obtain a vertex list of H2
having cardinality at least k − 1. There exists a connected coloring of H2 under this
list. After coloring vertices xj and yj with the color c, we obtain a connected vertex
coloring of H . Since A is arbitrary, we have 
(H)6k. Finally, let us consider the case
when A(xj) ∩ A(yj) = ∅ for all i = 1; 2; : : : ; k. Then for any subset W ⊆V ,
⋃
v∈W
A(v)¿|W |: (5)
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Indeed, if |W |6k, then (5) follows from the condition |A(v)|¿k for all v∈V ; and
if |W |¿k, then W always contains a pair of vertices {xr; yr}, where 16r6k. Since
A(xr) ∩ A(yr) = ∅, we have
⋃
v∈W A(v)¿|W |¿2k¿|W |.
By the Hall theorem, the family of sets {A(v)}, v∈V , has a system of distinct
representatives. In other terms, there exists a connected vertex coloring of H such that
distinct vertices are colored with distinct colors. Hence 
(H)6k, and Theorem 3 is
proved.
The problem of linkage between 
(G) and (G) in a k-partite graph remains open
even for k = 3. It is impossible to give an upper bound for 
(G) in terms of (G)
for an arbitrary graph G. To verify it, let us consider traditional list vertex colorings
[5,2,4]. Adjacent vertices in such colorings must be colored with distinct colors. Let
L(G) denote the least integer such that for every vertex list of cardinality L(G) there
exists a traditional list vertex coloring of G.
Lemma 1. For every graph G the inequality 
(G)6L( LG) holds; where LG is its com-
plementary graph.
Proof. Let A be a vertex list of cardinality L( LG) for LG (and for G), and let f be
a traditional vertex coloring of LG. The vertices colored with the same color are not
adjacent in LG; thus, they are adjacent in G. Hence the coloring f of G is connected,
and 
(G)6L( LG). Lemma 1 is proved.
Theorem 4. Let K be a complete k-partite graph. Then 
( LG) = L(G).
Proof. Due to Lemma 1, it is suMcient to prove that 
( LG)¿L(G). Let A be a vertex
list of LG having cardinality 
( LG). Then there exists a connected coloring f of vertices
of LG. Since LG is a union of disjoint complete subgraphs, all vertices colored the same
belong to one of these complete subgraphs. That is why vertices colored identically in
f are not adjacent in G. Since A is an arbitrary vertex list of G having cardinality

( LG), we have L(G)¿
( LG), and Theorem 4 is proved.
Further investigations of the relationship between 
(G) and L( LG) seem to be of
interest. But let us return to the problem posed.
Let us denote by K(n; n) the complete bipartite graph having n vertices in each part.
It is known [5,2,4] that L(K(n; n)) → ∞ as n→∞. Due to Theorem 4, we have

( LK(n; n))→∞ as n→∞, although ( LK(n; n)) = 2. So, for an arbitrary graph, it is
impossible to estimate 
(G) from above using only (G).
3. Connected edge coloring
Let us consider nondirected loopless multigraphs. Each edge e∈E is assigned a
color set B(e). An edge coloring of a multigraph is called connected if each subgraph
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induced by edges of the same color is connected. We denote by (G) the least integer
such that if |B(e)|¿(G) for each edge e∈E, then a connected edge coloring of G
exists.
Theorem 5. Let G=(V; E) be a multigraph with each component containing an even
number of edges. Then (G)6 12 |E|.
Theorem 2 is a generalization of the theorem of [3] where it was assumed that G
was a forest.
For the proof of Theorem 2, we shall use the following:
Lemma 2. Let G = (V; E) be a multigraph with each component containing an even
number of edges; and |E|=2m. Then the edges of G can be numbered so that for all
i = 1; 2; : : : ; m the edges e2i−1 and e2i are adjacent.
Proof. Clearly, it is suMcient to prove the lemma for a connected multigraph. The
proof is carried out by induction on m. If m = 1, the assertion is obvious. Suppose
that m¿2. Let v0 be a vertex of G. We put V0 = {v0} and denote the set of vertices
of G at distance j from v0 by Vj, j = 1; 2; : : : . The set V is partitioned to the subsets
V0; V1; : : : ; Vr .
Let e=(v′; v′′), where v′ ∈Vk and v′′ ∈Vl (k¿0; r¿l). Let us call the number k+ l
the height of e.
We choose an edge of maximal height and denote it by e2m. Then we choose an
edge of maximal height adjacent to e2m and denote it by e2m−1. Let us prove that there
exists only one component of G1 = G − {e2m−1; e2m} other than an isolated vertex.
Let e2m=(v1; v2). Since the height of e2m is maximal, it follows that h(e2m)¿2r− 1
and e2m is incident to at least one vertex of Vr . Suppose for example that v2 ∈Vr . If
e2m−1 is incident to v2, then all the vertices of V\{v2} can be reached from v0 in G1.
Thus, if e2m−1 and e2m are incident to the same vertex of Vr , then G1 either is connected
or consists of a component with 2m−2 edges and an isolated vertex. Now we consider
the case when e2m = (v1; v2) and e2m−1 = (v1; v3), where v1 ∈Vr−1; v2 ∈Vr; v2 
= v3. If
v3 ∈Vr , then the vertices v2 and v3 are not adjacent in G since otherwise the edge
(v2; v3) would have the height 2r, contradicting to the equality h(e2m)=2r− 1 and the
choice of e2m. At the same time, all the vertices of V\{v2; v3} can be reached from
v0 in G1. If v3 ∈Vr−1, then each vertex of V\{v2} is reached from v0 in G1. At last,
if v3 ∈Vr−2, then each vertex of V\{v1; v2} can be reached from v0 in G1, and since
h(e2m−1)=2r−3, the vertices v1 and v2 are not adjacent in G1. So, in all the cases, the
multigraph G1 has a component with 2m−2 edges and perhaps some isolated vertices.
By the induction hypothesis, we can number the edges G1 so that the edges e2i−1
and e2i are adjacent for all i= 1; 2; : : : ; m− 1. Adding edges e2m−1 and e2m, we obtain
the required enumeration of the edges of G. Lemma 2 is proved.
Proof of Theorem 5. Let |E|= 2m, and B an edge list such that |B(e)|¿m for every
e∈E. We must prove that there exists a connected edge coloring of G.
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The proof is carried out by induction on m. If m = 1, the assertion is obvious.
Suppose that m¿2. Let us number the edges of G as it is described in Lemma 2.
Consider the two cases.
Case 1: B(e2j−1) ∩ B(e2j) 
= ∅ for some j such that 16j6m. We take a color
c∈B(e2j−1) ∩ B(e2j), color the edges e2j and e2j−1 with c, and remove c from the
list of all other edges. After removing the edges e2j−1 and e2j from G, we have a
multigraph H with 2m− 2 edges and the cardinality of each edge list at least m− 1.
Each of its components has an even number of edges since for i 
= j the edges e2i−1
and e2i are adjacent.
By the induction hypothesis, there exists a connected edge coloring of H . Since the
color c is not used in this coloring, after adding to H the edges e2j−1 and e2j colored
with c, we obtain a connected edge coloring of G.
Case 2: B(e2i−1) ∩ B(e2i) = ∅ for all i = 1; 2; : : : ; m.
In this case, for any subset M ⊆E the inequality |⋃e∈M B(e)|¿|M | holds. Indeed,
since |B(e)|¿m for every e∈E, this is the case for |M |6m. And if |M |¿m+1, then
there exists a k such that 16k6m and both e2k−1 and e2k−1 are in M . Thus,
∣∣∣∣∣
⋃
e∈M
B(e)
∣∣∣∣∣¿|B(e2k−1) ∪ B(e2k)|= |B(e2k−1)|+ |B(e2k)|¿2m¿|M |:
Due to the Hall theorem, there exists an edge coloring of G such that distinct vertices
are colored with distinct colors. This coloring is connected, and Theorem 5 is proved.
Due to Theorem 2, for every multigraph G the inequality (G)¿(G) holds, where
(G) is the cardinality of maximal matching in G.
Conjecture. For every multigraph G,
(G)6max((G); 12 |E(G)|):
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